Introduction
Linkage analysis is used to test the hypothesis that a genetic marker of known location is distant (e.g., on a different chromosome) from a gene presumed to exist and to govern susceptibility to a disease. Several investigators have proposed testing this hypothesis using statistics based on the similarity of marker alleles in pairs of pedigree members affected with the disease (e.g., Day and Simons, 1976; Fimmers et aI., 1989, Green and Woodrow, 1977; Neugebauer, Willems, and Baur, 1984; Suarez and Hodge, 1979; Suarez and Van Eerdewegh, 1984; Weeks and Lange, 1988) . The statistics do not require knowledge of the mode of disease inheritance, but may require unambiguous determination of identity-by-descent (IBD) among the affected members. Those that do not require such determination (the so-called identity-by-state methods) suffer from variability due to the distribution of marker alleles among affected members who are unrelated, such as spouses. Another limitation is the tests' restriction to pairs (as opposed to arbitrary subsets) of affected relatives. We shall show that such pairwise comparisons can have poor power when several affected pedigree members share a single marker allele IBD.
Section 2 describes a class of tests for linkage that circumvent some of these problems. The tests do not require knowledge of the mode of disease inheritance, nor do they require unambiguous determination of marker IBD relations. Furthermore, their variances are not inflated by the marker distribution in unrelated pedigree members. The tests are limited by the memory and storage needed for complex pedigrees, and thus are most useful for large numbers of simple pedigrees.
The tests are based on the expected number of marker alleles shared IBD among the affected pedigree members, given the marker alleles observed on each member. This number is then compared to the one expected given only the individuals' relationship. More explicitly, a score is assigned to each possible configuration of IBD relations among the set of marker alleles for the affected pedigree members, with high scores assigned to configurations having extensive gene similarity. The contribution to the test statistic from the affected members of that pedigree is then the difference between the expected score conditional on their observed marker genotypes and the expected score conditional only on their relationship. Thus affected relatives with unusual allele similarity tend to produce large values of the test statistic.
One test in the class evaluates marker allele similarity across arbitrary subsets, not just pairs, of affected pedigree members. We show in Section 3 that this test is more powerful than one based only on pairs of affected members when a single dominant gene governs disease susceptibility. In Section 4 we provide examples and apply the test to data on rheumatoid arthritis and the HLA system.
The Tests
Let:iI be an ordered set of n pedigree members having a fully specified genealogical relationship ffi, all of whom are affected with the disease. We observe on each member of :iI a pair of alleles at the marker locus. We wish to use these observations to test the hypothesis that the marker is inherited independently of some assumed gene for the disease. To do so, we consider the collection of possible IBD configurations of marker alleles for the n members of di. An IBD configuration, defined precisely in Section 3, specifies which of the members' 2n alleles are identical by descent (IBD), i.e., inherited from a common ancestor. We assign to each such configuration 4> a score S(4)) that measures the degree of IBD similarity of the configuration. The score is chosen to yield good power against a specific alternative of interest.
Let X n X i2 be the unordered pair of marker alleles observed for the ith individual, i = 1, ... , n, and call X = (x llX 12X21X22 ••• X n1 X n2 ) the marker genotype. The score function S induces a score for X:
Here I<t> denotes summation over the set of all IBD configurations possible among the members of :ii, and P( 4>lx, ffi) is the probability of 4>, given X and the individuals' relationship ffi, under the hypothesis of no linkage. T(X) is the expected marker score for the members of :ii, given X and ffi. The weights P( 4>IX, ffi) depend on the population frequencies of the alleles in X. If the shared alleles in X are rare, then large weights are placed on those IBD configurations 4> with a lot of IBD similarity, i.e., with high scores S(4)).
In some instances the marker genotype X completely determines the IBD configuration 4> = 4>x, i.e., P(4)IX, ffi) = 0 for 4> # 4>x. Then T(X) = S(4)x). The literature contains several tests based on score functions S(4)x) for sibships (e.g., deVries et aI., 1976; Green and Woodrow, 1977; Suarez and Hodge, 1979; Suarez and Van Eerdewegh, 1984; Lange, 1986 ) and more general pedigrees (Fimmers et al., 1989) .
The mean and variance of T(X), under the null hypothesis of no linkage, are and where
The observed data are genotypes X'k for sets :iI'k' k = 1, ... , K" where K, denotes the number of pedigrees in which the affected members have a given relationship ffi" I = 1, ... , L. We assume that members of different sets are unrelated. The null hypothesis is that, for each relationship ffi" XlI' ... , X'K/ is a random sample from the distribution of marker genotypes of individuals with relationship m,. We shall consider test statistics of the form where
is the sum of the marker scores, and E(T) =~, K,E m , and V(T) =~, K, Vm, denote expectation and variance under the null distributions of the X'k' and Em, and Vm, are"given by (2) and (3), respectively. Liapounov's Central Limit Theorem implies that, under the null hypothesis, ?J has a standard Gaussian distribution, asymptotically as K,~00, I = 1, ... , L (Loeve, 1960, p. 275 Different scoring functions S(4)) give different tests. The resulting class of tests has several attractive properties. First, as noted above, the tests permit calculation of exact P-values when the number of pedigrees is small and the normal approximation is in doubt.
Second, the tests are unaffected by marker similarity among noninbred unrelated pedigree members. This is easily seen when :il consists only of such individuals. Then in (1), p(4)lx, ffi) = P(4)lffi) = 1 when 4> is the configuration in which a1l2n genes are genetically distinct, and p(4)lx, ffi) = 0 otherwise. Thus for all X, T(X) equals its expected value and the contribution to the variance of ?J from these individuals is zero.
Third, including the marker genotypes of unaffected relatives in the calculation can provide additional information on the IBD configuration of the affected. This can be useful when the genotype of some affected members is partially observed or missing, and in some instances even when X is completely observed. For example, the genotype X = (aI' a 2 , aI' a 3 ) of two affected first cousins is consistent with both the configuration 4>1 in which the cousins share one gene IBD from a common grandparent, and 4>2 in which all four of their genes are genetically distinct. But the genotype (aI' a 2 , a 3 , a 4 ) of their unaffected but related fathers completely determines their IBD configuration as 4>2. In such situations (1) becomes
where 4> denotes the IBD configuration only of the affected, Y denotes the marker genotype of such unaffected relatives, and ffi * denotes the relationship among both affected and unaffected. Here the null mean and variance of T(X; Y) are based on the joint distribution of X and Y, given ffi*. Amos, Dawson, and Elston (1990) give an algorithm for computing the probabilities p(4)lx, Y, ffi).
Fourth, conditioning both T(X) and its null distribution on the genotype of founders and certain unaffected pedigree members can be advantageous. For example, if all four parental alleles are known and distinct, then the genotypes of parents and affected offspring completely determine the offspring's IBD configuration, and one can condition the entire test statistic on the genotypes of the parents. This situation differs from the previous one in that the mean and variance of T(X; Y) now reflect the conditional distribution of X given Y rather than the joint distribution of X and Y, as above. The relatives chosen for conditioning should be such that Y includes no information on the affected's IBD configuration 4> that is contained in their genotype X but not in their relationship ffi.
This condition is satisfied if p(4)IY, ffi*) = P(4)lffi).
(6)
For example, returning to the two affected first cousins with genotype X = (aI' a 2 , aI' a 3 ), one would not condition the mean and variance of T(X) on the genotype Y = (aI' a 2 , a 3 , a 4 ) of their related unaffected fathers, since Y replaces the information in X and the distribution of T(X) conditional on Y is degenerate. In this example (6) is violated because its left side equals 1 when 4> denotes the absence of any IBD sharing by the cousins, and zero otherwise, whereas its right side is nonzero for all three possible patterns of gene sharing among two first cousins. Requirement (6) implies that the null mean of T(X) is unchanged by conditioning on Y and ffi *:
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in agreement with (2). However, the variance changes since
differs in general from (3).
This conditioning on Yand ffi* has two advantages. First, it reduces the set of possible marker genotypes X, thereby reducing the calculations needed to compute the variance of T. Second, it makes the test statistic less dependent on the population frequencies of the marker alleles, which often are known only approximately and which may vary across pedigrees arising in different populations. For example, conditional on the unaffected parental genotype Y = (aI' a 2 , a 3 , Q4)' the expectation (7) for the squared score of the offspring genotype X reduces, after some algebra, to
, which is completely independent of the population frequencies of the marker alleles occurring in the family. The probabilities P( 4>lffi) , i.e., the condensed identity coefficients (Karigl, 1982) , can be computed as in Whittemore and Halpern (1994 (1,2, 1, 2) and (1, 2, 2, 1). Tables 1 and 2 show, respectively, the three IBD configurations possible among n = 2 noninbred individuals and the 16 IBD configurations possible among n = 3 noninbred individuals. See Whittemore and Halpern (1994) for detailed discussion of IBD configurations and their properties. (1) and (4) is almost identical to one proposed by Fimmers et al. (1989) , which uses [n(n -1)/2]Sp as a scoring function.
We shall compare ?Jp to a test based on a second function S that gives high scores to IBD configurations in which several individuals share the same single allele IBD.
where U i is either Sit or Si2. For each 4> there are 2 n such vectors u. Let h(u) be the number of nontrivial permutations of the n symbols u 1 , ••• , Un that leave u unchanged. We expect h(u) to be large for some of the u when there is extensive identity-by-descent among the n relatives' alleles. Thus we take S(4)) to be the average value of h:
Tables 1 and 2 show scores for the configurations possible among two and three noninbred individuals, respectively. When :il consists only of n = 2 individuals, Sp( 4» = S( 4», and from (2), (9), and (8), E(S) is their kinship coefficient, i.e., the probability that an allele chosen at random from the first person is IBD to one chosen at random from the second (Jacquard, 1973; Thompson, 1974 Thompson, , 1986 Karigl, 1982) . When n > 2, however, the two functions differ, as seen for n = 3 in columns 2 and 3 of Table 2 . E(S p) is the average kinship coefficient, where the average is taken over all n(n -1)/2 pairs.
In some applications, Sp may forfeit power by considering only pairs of members. Consider, for example, K pedigrees, each containing an affected parent and two affected offspring, with all four parental marker alleles known and distinct. We assume that the disease is entirely governed by a In this way S is more sensitive than Sp to single allele sharing among three or more individuals. This difference gives ?J greater power than ?Jp when the disease is governed by a dominant gene ( Figure  lA) . ?J is not always more powerful than ?Jp, as seen in Figure IB , when the disease is governed by a recessive gene. Although the situation depicted in Figure IB Recombination Fraction e Figure 1 . Power of test based on ?Jp (---) and ?J (--) to detect linkage in K = 10 pedigrees, each containing one affected parent and two affected offspring, vs probability 0 of recombination between marker and disease loci. The significance level is a = .05 and the disease is assumed to be governed by a single (A) dominant or (B) recessive gene. Also shown is the power of the likelihood ratio (lod score) test when the mode of disease inheritance is correctly (--) and incorrectly (...) specified.
conditioning on the sibship size and the number of affected individuals, and by both correctly and incorrectly specifying the mode of disease inheritance (dominant vs recessive). The (correctly specified) likelihood ratio test is most powerful, because it uses information about the inheritance mode that is not used by the other tests; but it is quite sensitive to misspecification of the inheritance mode (see also Clerget-Darpoux, BonaHi-Pellie, and Hochez, 1986).
Examples and Application to Data
Example 1. Consider the case of n affected full sibs with unaffected parents, and suppose that all four parental marker alleles are known and distinct. For this situation, several authors (e.g., deVries et aI., 1976; Green and Woodrow, 1977; Suarez and Hodge, 1979; Suarez and Van Eerdewegh, 1984; Lange, 1986; Fimmers et aI., 1989) have proposed nonparametric test statistics whose distributions are conditioned on the parental genotype Y, as described in Section 2. Green and Woodrow's test uses the "number of gene repeats" among the sibs as a score, say SGw. For example, [121212] contains four repeats (two of the paternal gene and two of the maternal one), and [121213] has three repeats. For a set of sibships each with n = 2 affected sibs, it turns out that all three scores Sp, S, and SGW are equal, and they are proportional to other scores discussed in the literature (e.g., deVries et aI., 1976; Suarez and Hodge, 1979; Blackwelder and Elston, 1985; Lange, 1986; Fimmers et aI., 1989) . For sibships having n = 3 affected sibs, all three scores give equivalent tests, because each score is obtainable from the others by a linear transformation:
and CZJ is invariant under such linear transformations. For sibships each having n > 3 affected sibs, Suarez and Van Eerdewegh (1984) have shown that a test equivalent to that based on Sp is more powerful than Green and Woodrow's test. We have been unable to prove or disprove the equivalence of the tests based on Sand Sp for sibships with n > 3 affected sibs.
In this example, the observed marker genotypes of parents and offspring completely determine the latter's IBD configuration c/>. Furthermore, the null distribution of the offspring genotype, conditional on the observed parental genotype, is simply the distribution of the offspring's IBD configuration, which can be computed using the algorithms described in the preceding paper. More generally, however, IBD relationships cannot be determined unambiguously from the observed genotypes (the so-called identity-by-state relations). In such situations, to compute T(X) in (1) for a given pedigree, we use Bayes' rule to write (12) When conditioning on the genotype of pedigree members, the score T(X; Y) in (5) and its conditional variance are computed using expressions analogous to (11) and (12), but with P(XIc/» replaced by P(XIc/>, Y, ffi*). Determining the P(XIc/» or P(XIc/>, Y, ffi*) requires assigning population frequencies to the alleles in X. The following hypothetical example illustrates these computations and shows the advantages of conditioning on the genotypes of unaffected relatives. In practice, one would not attempt to evaluate linkage with such meager data.
Example 2. Figure 2 shows a pedigree whose affected members A, B, and D are two sibs and the grandchild of one of them. Column 6 of Table 2 shows probabilities of A, B, and D's genotype X = (ala2ala2ala2)' conditional on each of the seven configurations possible among them. In the absence of information on the marker genotypes of unaffected pedigree members, the test statistic depends on the population frequencies of the alleles a I and a 2 . Assuming three alleles a I' a 2 , a 3 with frequencies (PI' P2' P3) = (.05, .75, .2), and substituting columns 3,5, and 6 of Table 2 into (11), (2), and (3), we get T(X) = .830, E[T(X)] = .5, V[T(X)] = .025, and CZJ = 2.14 (P = .02). (The exact P-value also is P = .02.) The test is sensitive to the allele frequencies. If a l and a 2 are both common (say, PI = P2 = .5) then CZJ = .50, whereas in the unlikely case that a I and a 2 are both very rare (say, Example 3. Figure 3 shows a pedigree with multiple incidence of rheumatoid arthritis (RA) , studied by Rossen et al. (1982) . The pedigree is abbreviated by the deletion of those unaffected members who do not contribute to the test statistic. Rossen et ai. obtained HLA haplotypes for this family.
Here we test the hypothesis that an assumed RA susceptibility gene is not linked to the HLA DR locus. Figure 3 shows the HLA DR alleles of the members. The observed genotype is X = (2, 7, 4, 7, 4, 1, 4, 3, 4, 9) for the set {B, D, F, G, H} of affected members. We shall condition on the genotype Y = (2,9,2,7,3,1,4,7,2,9) of the set {A, B, C, D, E} consisting of unaffected members A, C, E and affected founders B, D. Note that Y satisfies condition (6), where cP denotes the IBD relationship of the affected, even though Y contains genotypes of some of the affected. Given Y, X uniquely determines the affected's IBD configuration cPo = [1234353637] , and the conditional distribution of genotype X is that of the corresponding configuration cP. The scores for cPo are S( cPo) = 3.06 and S p( cPo) = 1.5, giving test statistics with exact P-values P = .25 and P = .50, respectively.
For comparison, the P-values based on the Gaussian approximation (4) are P = .15 for C!J and P = .35 for C!Jp. Figure 3. Pedigree with multiple incidence of rheumatoid arthritis (Rossen et aI., 1982) . Affected members are indicated by filled symbols. Numbers below symbols represent alleles at the HLA DR locus.
Discussion
The proposed class of linkage tests shares two desirable features with the "affected relative pair" test of Weeks and Lange (1988) : it requires neither knowledge of the mode of disease inheritance, nor definitive determination of IBD relationships at the marker. However the two approaches differ. where mis the relation of the affected members. The variance is inflated by chance marker allele similarity among unrelated affected members. Moreover, unlike the present tests, Sp(X) does not allow the marker genotypes of unaffected relatives to contribute information on gene sharing among the affected. On the other hand, there are two computational limitations to the present tests. The first is the memory and storage needed to compute the probabilities p(4)lm) for complex pedigrees, i.e., those with more than 16 affected members. This limitation is discussed by Fimmers et al. (1989) and Whittemore and Halpern (1994 where m is the number of marker alleles, and d is the number of distinct gene labels in 4>. We have seen that the number of possible genotypes X is reduced by conditioning on the marker genotypes of unaffected relatives. Nevertheless it may be necessary to use approximations, such as Monte Carlo sampling of genotypes (Geyer and Thompson, 1992) . These limitations suggest that the test is most useful when applied to a large number of simple pedigrees. Large numbers of pedigrees also are needed when using the Gaussian approximation to the null distribution of the test statistic.
If the disease-susceptibility gene is highly penetrant, then inclusion of allele sharing among the unaffected may increase a test's power to detect linkage. In principle, such sharing could be included in the present tests by considering IBD configurations for the entire pedigree, and choosing a score function with high values for those configurations showing IBD sharing within two distinct subsets of the pedigree. However, the additional computing needed to process the extended configurations would make the method impractical for large pedigrees.
